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d2 F[±h i ; ±h j ] D
Z b D 1

a D ¡1

Z 1

¡1
dt 00 dt 0.®.t; t 0/±.t 0 ¡ t 00//

£ ±h i .t
0/±h j .t

00/ (A3)

From Eq. (A3) onecan write theexpressionfor the secondfunctional
derivative:

±2 F[±h i ; ±h j ]

±h i .t 00/±h j .t 0/
D ®.t ; t 0/±.t 0 ¡ t 00/ (A4)
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Introduction

T HE well-known general solution of laminar boundary-layer
� ows over two-dimensional wedges of the angle ¼¯ , discov-

ered by Falkner and Skan in 1931, is appropriate for � ows in which
the freestreampotential� ow along theplate is givenbyU .x/ D cxm .
Here, the exponent m, related to ¯ by m D ¯=.2 ¡ ¯/, measures the
pressure gradient in the stream direction. Introducing the nondi-
mensional wall distance parameter ´ and transforming the stream
function Ã.x; y/ lead to the similarity Falkner–Skan (FS) differen-
tial equation for the dependent variable f .´/:

f 000 C f f 00 C ¯.1 ¡ f 02/ D 0 (1)

subject to the boundary conditions

f .0/ D 0; f 0.0/ D 0; f 0.1/ D 1 (2)

Here, the prime denotes differentiationwith respect to the indepen-
dent variable ´ de� ned by

´ D y

µ
.m C 1/U .x/

2ºx

¶ 1
2

(3)
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and the similarity solution f .´/ is related to the stream function
Ã.x; y/ by

Ã.x; y/ D
µ

2ºU .x/

m C 1

¶ 1
2

x
1
2 f .´/ (4)

We recall that the velocity components u and v are expressed in
terms of variables ´ and f as

u D U f 0; v D ¡
µ

ºU .x/

.2 ¡ ¯/x

¶ 1
2

[ f C .¯ ¡ 1/´ f 0] (5)

There is an enormous family of solutions to the FS equation.
These solutions are of great signi� cance for at least two reasons.
First, in addition to � ow along a � at plate, these give the � ow near a
forward stagnation point; second, they show the effects of pressure
gradient on the velocity pro� le.

The essential dif� culty in numerical solution of the FS equation
stems from the two-point nature of its boundary conditions. For
integration by the Runge–Kutta method, the third-order FS equa-
tion could be reduced to an equivalent system of three � rst-order
equationsconvenientfor numerical analysis, namely f 0 D g, g0 D h,
h 0 D ¡ f g ¡ ¯.1 ¡ g2/. The boundary conditions at ´ D 0 for f and
g D f 0 are known, namely: f D g D 0. Therefore, the problem is to
� nd h.0/ D f 00.0/, which measures the shear friction at the wall,
so that f 0.1/ D 1. This two-point boundary value problem poses a
mathematical dif� culty when one attempts to apply a simple shoot-
ing technique. With this method, the FS equation is integrated nu-
merically from ´ D 0 with a guessed value of f 00.0/. However, be-
cause of its nonlinear nature, numerical solutions diverge for all
guessed values of f 00.0/, except the “correct” guess. This means
that solutions of the nonlinear FS equation exhibit a kind of spon-
taneous singularity as boundary conditions vary. These dif� culties
have been known for many years, and methods to overcome them
have been discussed by many investigators in the past six decades.
First, Hartree1 studied the FS equation in detail. Falkner2 gave fur-
ther high-order accuracy solutions. Smith3 and Evans4 developed
methods to determine a large enough value of ´max , where f 00.0/ is
sought to yield f 00.´max/ D 0. Radbill5 andLibbyand Chen6 havede-
velopedadditionalmethods,whicharequiteusefulforobtainingthe-
oretical solutions in the range of ¯ < ¡0:19884 (traditionallybeing
the unstable separated � ow region), as obtained by Libby and Liu.7

The purpose of this Note is to present a new numerical method
for solving the FS boundary-layer equation in the range of
¯ ¸ ¡0:19884.

Numerical Procedure
We consider the FS equation at in� nity (far from the

wall). The asymptotic boundary conditions read: f 0.´ ! 1/ ! 1,
f 00.´ ! 1/ ! 0. We develop a numerical procedure for integrat-
ing the FS equation from a given ´ D ´max downward to ´ D ´0,
where f 0

0 D 0. Because the FS equation does not contain ´ explic-
itly, we choose an arbitraryvalue of ´max and denote f 0.´max/ D f 0

99,
f .´max/ D f99 . Here, f 0

99 is a certainspeci� edvalueclose to one,and
f99 is � nite. The correctchoiceof f 00

99 , which is close to zero, is more
problematic and is the major dif� culty for applying the boundary-
layer-typeequationsat in� nity. To compute and not to guess f 00

99, we
compute the expression . f 0 ¡ 1/= f 00 at ´ D ´max. This expression is
singular as ´max ! 1, and applying L’Hôpital’s rule leads to

. f 0
99 ¡ 1/= f 00

99 D f 00
99= f 000

99 (6)

Substituting f 000
99 from theFS equationleads to the quadraticequation

for f 00
99, which yields

f 00
99 D 1

2 .1 ¡ f 0
99/

£
f99 C

q
f 2
99 C 4¯.1 C f 0

99/
¤

(7)

This relation ensures that for an arbitrary f99 and for f 0
99 close

to one, the asymptotic value of f 00
99 is computed using the origi-

nal FS equation. For boundary-layer � ows with no overshoot in
the velocity pro� le (i.e., f 0 < 1), one has [1 ¡ f 0.´ ! 1/] ! C0,
f 00.´ ! 1/ ! C0. Thus, the square root in the expression for f 00

99
is chosen with a positive sign.
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Table 1 Comparison of exact and calculated values of f 0 0
0

f 0
99 D 0:90 f 0

99 D 0:95 f 0
99 D 0:99

¯ Exact f 00
0 f 00

0 Error % f 00
0 Error % f 00

0 Error %

¡0.18 ¡0.09769a ¡0.04726 51.622 ¡0.08251 15.539 ¡0.09584 1.894
0.12864 0.05361 58.326 0.10348 19.558 0.12552 2.425

0 0.46960 0.45236 3.671 0.46274 1.461 0.46869 0.194
0.3 0.77476 0.76625 1.098 0.77139 0.435 0.77426 0.065
1 1.23259 1.22861 0.323 1.23150 0.088 1.23245 0.011
2 1.68722 1.68481 0.143 1.68651 0.042 1.68716 0.004
10 3.67523 3.67401 0.033 3.67507 0.004 3.67546 0.006

aThis value is not presented in Ref. 9 and has been calculated using the standard shooting method.

Finally, we formulate a Cauchy problem for the FS equation,
which could be solved by the Runge–Kutta method:

f 000 C f f 00 C ¯.1 ¡ f 02/ D 0 (8)

f .´max/ D f99; f 0.´max/ D f 0
99

f 00.´max/ D f 00
99 D 1

2 .1 ¡ f 0
99/

£
f99 C

q
f 2
99 C 4¯.1 C f 0

99/
¤

(9)

To solve the original FS problem, we suggest the following nu-
merical procedure: 1) for a given ´max, guess f99 and specify f 0

99
close to one; 2) integrate the FS equation downward in the ¡´ di-
rection to the point ´ D ´0, where f 0

0 D 0. The value of the solution
obtained at this point, f0, is the corrector to the f99 guess to obey
the impermeable wall-boundary condition, f0 D 0.

Results and Discussion
The suggested method was applied to calculate f 00

0 for different
values of ¯ in the range ¯ ¸ ¡0:19884. For ¯ D ¡0:19884, the so-
lution describes the separation limit8 when f 00

0 D 0. To derive the
numerical procedure,we employed L’Hôpital’s rule to � nite values
of f 0

99, which introducesthe only source of numericalerror.Compu-
tations have been performed with a double-precision accuracy for
three valuesof f 0

99 D 0:90, 0.95, 0.99 to illustrateits in� uence on the
method’s accuracy.The results are summarized in Table 1. For com-
parison, the valuesof f 00

0 , mentioned in the literature,are taken from
White9 and referred to as “exact” values. It is obvious that as f 0

99
approachesone, the computed value of f 00

0 becomes more accurate,
as can be readily seen from Table 1. Our numerical results show that
the choice of f 0

99 D 0:99 yields remarkably accurate values of f 00
0 in

the entire range of wedge angles ¯ considered. It is worth noting
that the error is smaller for higher values of ¯ . This is attributed
to the lower sensitivity of the equation as ¯ increases. (The � ow is
more stable as the favorable pressure gradient is larger.)

For ¯ ¸ 0, the solutionsto the FS equationareknownto be unique,
without back� ow regions.10 Therefore, only one point ´ D ´0 of
zero longitudinal velocity at the wall ( f 0

0 D 0) exists in the inter-
val ´0 · ´ · ´max. As a result, f 00 > 0 in this interval. In the range
¡0:19884< ¯ < 0, two physically acceptable solutions exist: with-
out and with back� ow regions.8 The solutionsthat includeback� ow
must have two points of zero longitudinal velocity (one of them at
the wall). As a result, two points of f 0 D 0 exist in the interval
´0 · ´ · ´max. The � rst is a local minimum point, where f 00 > 0,
and the second one is a local maximum point, where f 00 < 0. If the
� rst point of f 0 D 0 is consideredas the last point of integration(the
wall), theback� ow-free solutionis obtained.To obtainsolutionsthat
include back� ow, the second point of f 0 D 0 should be considered
as the last point of integration. These solutions include two points
of f 0 D 0, and the back� ow exists between them. For ¯ D ¡0:19884
(separationlimit, where f 00

0 D 0), the solution is known to be unique;
therefore, only one point of f 0 D 0 exists down the ´ scale, which
is a de� ection point ( f 00 D 0).

A certain class of similarity solutions for wedges with permeable
walls can also be obtainedusing the suggestedmethod.As it follows
from Eq. (5), a nonzero (positive or negative) value of the corrector
at the wall, f0, can be consideredas a boundaryconditionparameter
of suction or blowing, respectively.For every f0 above the physical
limit (where blowoff of the boundary layer occurs), a physically
acceptable solution exists. It means that for such values of f0 , cor-

Fig. 1 Values of f0 vs f99 for f 0
99 = 0:99.

Fig. 2 Values of f99 vs ¯ for f 0
99 = 0:99. Impermeable wall conditions

(f0 = 0).

responding values of f99 exist, as shown in Fig. 1. The minimum
physicalvalue of f0 correspondsto the minimum physical f99. As a
consequenceonly values of f99 , which are above the physical min-
imum, yield a point ´ D ´0 where f 0 D 0. Therefore, the � rst guess
for f99 in the shooting procedure should be large enough.

For f 0
99 D 0:99 and impermeablewall conditions( f0 D 0), the cal-

culated f99 for different ¯ are presented in Fig. 2. Using these re-
sults, a simple correlation between f99 and ¯ has been derived:
f99 D 3:4044.¯ C 2/¡0:58917.

Conclusions
A new numerical method for solving the FS equation has been

developed. The method is applicable for permeable/impermeable
wall conditions in the range of ¯ ¸ ¡0:19884. For the negative ¯
range, two possible solutions are obtainable. The method suggests
integrating the FS equation downward in the ¡´ direction from the
´ D ´max location,where the valueof f 00.´max/ is computedto ensure
the solution’s convergence.

References
1Hartree, D. R., “On an Equation Occurring in Falkner and Skan’s Ap-

proximate Treatment of the Equations of the Boundary Layer,” Proceedings
of the Cambridge Philosophical Society, Vol. 33, No. 223, 1937.



AIAA JOURNAL, VOL. 39, NO. 5: TECHNICAL NOTES 967

2Falkner, V. M., “A Further Investigation of the Boundary-Layer Equa-
tions,” British Aero. Res. Council, Reports and Memoranda, Rept. 1884,
1937.

3Smith, A. M. O., “Improved Solutionsof the Falkner and Skan Boundary
Layer Equations,” Rep. E. S. 16009 [Contract a(s) 9027], Douglas Aircraft
Co. Inc., 1952.

4Evans, H. L., Laminar Boundary Layer Theory, Addison–Wesley, Lon-
don, 1968.

5Radbill, J. R., “Application of Quasilinearization to Boundary-Layer
Equations,” AIAA Journal, Vol. 2, 1964, pp. 1860–1862.

6Libby, P. A., and Chen, K. K., “Remarks on Quasilinearization Applied
in Boundary Layer Calculations,” AIAA Journal, Vol. 4, 1966, pp. 937–939.

7Libby, P. A., and Liu, T. M., “Further Solutions of the Falkner-Skan
Equation,” AIAA Journal, Vol. 5, 1967, pp. 1040–1042.

8Stewartson, K., The Theory of Laminar Boundary Layers in Compress-
ible Fluids, Oxford Mathematical Monographs,Oxford Univ. Press, Oxford,
1964.

9White, F. M., Viscous Fluid Flow, McGraw–Hill, New York, 1991.
10Coppell,W.,PhilosophicalTransactionsof the RoyalSociety ofLondon,

Series A: Mathematical and Physical Sciences, Vol. 253, 1960, p. 101.

M. Sichel
Associate Editor

Evolution Strategies for Automatic
Optimization of Jet Mixing

Petros Koumoutsakos¤

Swiss Federal Institute of Technology,
CH-8092 Zurich, Switzerland

Jonathan Freund†

University of California, Los Angeles,
Los Angeles, California 90095-1597

and
David Parekh‡

Georgia Tech Research Institute,
Atlanta, Georgia 30080

I. Introduction

E VOLUTION strategies (ES) are introduced for the optimiza-
tion of active control parameters for enhancing jet mixing. It

is shown that the evolutionalgorithmscan identify, in an automated
fashion, not only previously known effective actuations but also
� nd good but previouslyunidenti� ed parameters. In this study, sim-
ulations of model jets are used to demonstrate the feasibility of the
methods.ES are robust,highlyparallel,and portablealgorithms that
may be most useful in an experimental setting at realistic Reynolds
numbers. Simulations of inviscid incompressible � ows using vor-
tex models, as well as direct numerical simulations (DNS) of very
low-Reynolds-numbercompressible � ows, are used in this study to
evaluate different forcing parameters.

Our objective is twofold: 1) explore the possibility of ES to � nd
previously identi� ed modes of ef� cient operation and 2) discover
previouslyunknowneffectiveactuations.Practical engineeringcon-
cernswill dictate the choiceof actuatorparametersand relevantcost
functions. In Sec. II, we present a descriptionof the ES; in Sec. III,
we present results from the applicationof these to the optimization
of compressible jets and vortex models. Section IV is a discussion
of results and an outline for future research.
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II. Evolution Strategies
ES are continuous parameter optimization techniques based on

principles of evolution such as reproduction, mutation, and se-
lection. We de� ne a vector in the control parameter space x D
.x1; x2; : : : ; xM / as an individual and a set of such individuals
as a population. ES use a � tness value, prescribed by F .x/ D
F.x1; x2; : : : ; xM /, to identify the best individual from a popula-
tion. We take better individuals to have larger F values.

A. Two-Membered ES
The simplest ES has a population with two competing individ-

uals, a two-membered strategy. Evolution occurs by mutation and
selection, the two operations that Darwin considered the most im-
portant in the evolution of species. Each individual is represented
by a pair of real vectors u D u.x; ¾/, where ¾ is an M-dimensional
vector of standard deviations.

FollowingRechenberg,1 the optimizationalgorithmis as follows:
1) Initializationis where a parentgenotypeconsistingof M genes

is speci� ed initially as x0 .
2) Mutation is when the parentof generationn producesa descen-

dant with slightly different genotype. The operation of mutation is
realized by modifying xp according to xn

c D xn
p C NN .¾n

p/, where
N .¾/ is an M -dimensional vector of normal random number with
zero mean and standard deviations ¾.

3) Selection is where the � ttest individualaccordingto its F value
becomes the parent of the next generation:

xn C 1
p D

»
xn

p; if F
¡
xn

p

¢
¸ F

¡
xn

c

¢

xn
c ; otherwise

(1)

The variance of the population members is adjusted using the
one-� fth success rule proposed by Rechenberg: If more than one in
� ve offsprings result in an improved solution, then the variance is
increased.1 For regularoptimizationproblems2 themethod is known
to convergeto a globalminimum, but the rate of convergencecannot
be anticipated.Therefore, in � nite time there is, of course, no guar-
antee that the global optimum has been reached, a trait shared by all
optimizationtechniques.Schwefel3 providesa completedescription
of the algorithm.

B. Parameter Constraints
In problemsof active� owcontrol,engineeringconsiderationsim-

pose constraints on the actuation parameters. Such constraints are
formulated as inequalities, such as C j .x/ ¸ 0. In this work descen-
dants that do not satisfy the constraints are treated as unsuccessful
mutations.

III. Jet Flows Optimization
A. Optimized Excitation of Compressible Jets

DNS of the developingregion of compressible jets forced by slot-
jet � uidic actuators are used to evaluate the � tness of individuals.
The compressible � ow equations were solved directly using a com-
binationof sixth-ordercompact � nite differences,spectralmethods,
and fourth-orderRunge–Kutta time advancement.Further detailsof
the numerical algorithm and techniques for including two slot-jet
actuators that each span 90 deg of the jet (on opposite sides) just
downstream of the nozzle were reported elsewhere.4 Despite the
low Reynolds number dictated by the computational expense (only
Re D 500 in this study) the actuators were able to induce the gross
effects observed in experimentsat much higher Reynoldsnumbers.5

A path to implementation at more relevant � ow conditions is dis-
cussed in Sec. IV.

For this study, only three actuation parameters were varied: am-
plitude, frequency, and phase. The actuation is taken as a sum of
harmonic waveforms:

vr D ¡min

Á
NX

i D 1

Ai

µ
1 C sin

³
U j

Sri

D
t C Ái

´
sgn[cosµ ]

¶
;

U j

2

!

(2)

where vr is the radial velocity at the actuator exit, U j is the jet exit
velocity, Ai are the amplitudes, Sri are the Strouhal numbers, and


